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An Efficient Frequency Diversity Scheme for
Ultra-Reliable Communications in

Two-Path Fading Channels
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Abstract—We consider a two-ray ground reflection scenario
with unknown distance between transmitter and receiver. By
utilizing two frequencies in parallel, we can mitigate possible
destructive interference and ensure ultra-reliability with only
very limited knowledge at the transmitter. In order to achieve
this ultra-reliability, we optimize the frequency spacing such
that the worst-case receive power is maximized. Additionally, we
provide an algorithm to calculate the optimal frequency spacing.
Besides the receive power, we also analyze the achievable rate
and outage probability. It is shown that the frequency diversity
scheme achieves a significant improvement in terms of reliability
over using a single frequency. In particular, we demonstrate the
effectiveness of the proposed approach by a numerical simulation
of an unmanned aerial vehicle (UAV) flying above flat terrain.

Index Terms—Frequency diversity, outage probability, two-
ray ground reflection, ultra-reliable communications, worst-case
design.

I. INTRODUCTION

RELIABILITY is a major requirement for many modern
applications of wireless communication systems [3],

[4]. In particular, this includes autonomous vehicles, e.g.,
self-driving cars and unmanned aerial vehicles (UAVs). It
is therefore of great interest to develop techniques, which
enable ultra-reliable communications, e.g., assuring low outage
probabilities below 10−5 [5]. This is especially important for
scenarios where only limited information, e.g., channel state
information (CSI), is available at the transmitter, e.g., due to
high mobility or in frequency-division duplex (FDD) systems.
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It has been observed that negative dependency between
channel gains can significantly improve reliability [6]–[8]. The
basic idea is to establish multi-link diversity and ensure that
always one communication link is available, if the others
fail. We will apply this idea in the following to develop a
simple frequency diversity scheme that enables ultra-reliable
communications in two-ray ground reflection scenarios. In
this two-ray model, it is assumed that only one significant
multipath component exists in addition to a line-of-sight (LoS)
connection. The second component is typically caused by a
single reflection on a ground surface. This could occur in flat
outdoor terrain [9], on large concrete areas, e.g., airports [10],
and for a UAV flying above water [11]–[13]. It has also
been observed that the two-ray model can be appropriate for
vehicle-to-vehicle (V2V) communication scenarios [14], [15].
In particular, this includes high frequency bands like millimeter
wave (mmWave) [16]–[20].

In general, the curvature of the Earth’s surface needs to be
considered for long-distance outdoor settings and accurate
models like the curved-Earth model [12], [21], [22] exist.
However, when considering relatively short distances, the flat-
Earth model is a valid approximation [12], [22], which we
adopt throughout this work.

When varying the distance between transmitter and receiver,
the relative phase of the two received signal components
varies and they may interfere constructively or destructively.
A destructive interference causes a drop of receive power,
which in turn could cause an outage of the communication
link. In order to mitigate drops of the signal power on one
frequency, a second frequency can be used in parallel. The
use of multiple frequencies in parallel to create diversity
and improve the reliability in ground reflection scenarios has
already been proposed in [6] and [23]. In [24], it is analyzed
and experimentally verified that frequency diversity improves
the performance of distance measurements in outdoor ground
reflection scenarios. Instead of using multiple frequencies in
parallel, it was shown experimentally in [10] that using multiple
antennas and carefully choosing the spacing between them can
also improve the received power. A similar problem setup of
multipath fading mitigation is considered in [25], where the
authors consider reconfigurable intelligent surface (RIS) as
solution method. However, such surfaces need to be deployed
first and might not always be available, e.g., in the considered
large-scale outdoor scenarios.

The recent trend joint communications and sensing (JCAS)
for 6G wireless networks, allows to obtain location information
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of terminals [26]. This localization information can be exploited
as side information to improve the precoding in addition to
partial or statistical CSI at the transmitter. The usefulness
of localization information for transmit optimization depends
on the fading channel model. It holds: the fewer multi-path
components, the better. In particular, at higher frequencies,
the multi-path channels become increasingly sparse [27].
Furthermore, in scenarios without scatterers, but only the
ground surface [28], simple two-path channel models result.
Examples of using the position side information include
frequency diversity schemes, opportunistic user scheduling
in the time domain [29], or spatial selection of antenna
positions [30].

In this work, we focus on worst-case design for a simple
frequency diversity system with very limited information at the
communication parties. We assume that the transmitter does not
know the exact distance to the receiver but only has knowledge
about lower and upper bounds on the possible distances, e.g.,
based on a rough estimation of the user positions [26]. In
particular, we optimize the spacing between the two frequencies
such that the worst-case receive power in the geographical range
is maximized. This can enable ultra-reliability without the need
of perfect CSI at the transmitter.

Our main contributions and the outline of the manuscript
are summarized as follows.

• We analyze the worst-case received power for a two-ray
ground reflection model with unknown distance between
transmitter and receiver when employing only a single
frequency. (Section III)

• We analyze the received power and provide a lower bound
when employing two frequencies in parallel. (Section IV)

• In particular, we determine the optimal frequency
spacing which maximizes the worst-case receive power.
(Theorem 2)

• An algorithm and its implementation is provided to
calculate the optimal frequency spacing for given system
parameters. (Algorithm 1 and [31])

• In addition to the receive power, we also analyze
the achievable rate (Section V) and outage probability
(Section VI).

• The benefits of the proposed optimization are highlighted
in a numerical example of an UAV communication system
at high 5G NR frequencies (Example 9).

NOTATION

An overview of the most commonly used variable notation
can be found in Table I.

In order to simplify the notation, we will omit variables
on which functions depend when their value is clear from the
context, e.g., we will write f(x) instead of f(x, y) when the
value of y is fixed.

Since the angular frequency ω = 2πf is a simple scaling of
the frequency f , we will treat them somewhat interchangeably.
Especially for calculations, it is more convenient to use ω, while
f is relevant for actual system design. We will therefore use
the frequency f for the numerical examples while expressing
all formulas in terms of the angular frequency ω.

TABLE I
NOTATION OF THE MOST COMMONLY USED VARIABLES AND SYSTEM

PARAMETERS.

d Distance between transmitter and
receiver (on the ground) [m]

hTx Height of the transmitter [m]
hRx Height of the receiver [m]
ℓ Length of the LoS path [m]
ℓ̃ Total length of the reflection path [m]
c Speed of light = 299, 792, 458

ω = 2πf (Angular) frequency ([rad/s]) [Hz]
Glos Overall antenna gain for the direction of the

LoS path [dB]
Gref Overall antenna gain for the direction of the

reflected path [dB]
ρ =

√
Gref/Glos Relative gain for the direction of the reflected

path
α Angle of reflection
Γ Reflection coefficient
ϵ Dielectric constant of the ground
Pt Transmit power [W]
Pr Receive power [W]
Pr Lower bound of the receive power [W]
dk Distance at which the kth local minimum

of the receive power occurs [m]
∆ω = 2π∆f = ω2 − ω1 (Angular) frequency spacing ([rad/s]) [Hz]
∆ωπ First maximum of Pr(d,∆ω) with respect

to ∆ω [rad/s]
∆̃ω First minimum of Pr(d,∆ω) with respect

to ∆ω [rad/s]
R Rate [bit/s]
B Bandwidth [Hz]
F Receiver noise figure [dB]
N0 Noise spectral density [dBm/Hz]

For a random variable X , we use FX and pX for its
cumulative distribution function (CDF) and probability density
function (PDF), respectively. The expectation is denoted by E
and the probability of an event by Pr. The uniform distribution
on the interval [a, b] is denoted as U [a, b].

II. SYSTEM MODEL AND PROBLEM FORMULATION

Throughout the following, we consider the classical two-ray
ground reflection model [32, Chap. 4.6]. In this scenario, the
propagation environment is approximated as a plane reflecting
ground surface. A single-antenna transmitter is located at
height hTx above the ground. At distance d, the single-antenna
receiver is placed at height hRx. This geometrical model is
depicted in Fig. 1.

Based on the setup, it can be seen that the transmitted signal
is propagated via two separate paths to the receiver. On the
one hand, there exists a LoS propagation with path length ℓ.
On the other hand, the signal is also reflected by the ground,
which leads to the second component. The total length of the
second ray is ℓ̃. Finally, these two components superimpose at
the receiver.
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Fig. 1. Geometrical model of the considered two-ray ground reflection scenario.
The transmitter is placed at height hTx above the ground. The receiver is
located at height hRx at a (ground) distance d away from the transmitter. The
LoS path and reflection path have lengths ℓ and ℓ̃, respectively. The angle of
reflection is α.

From basic trigonometric considerations, the path lengths
can be calculated as

ℓ2 = (hTx − hRx)
2 + d2, (1)

ℓ̃2 = (hTx + hRx)
2 + d2 . (2)

When transmitting on a single frequency ω = 2πf , the
received power Pr at distance d is given in (3) [32, Chap. 4.6],
[33, Chap. 2.1.2], [6, Eq. (2)] at the top of this page with the
additional notation from Table I.1

For simplicity, we fix Glos = 1 throughout the following
and use the normalized gain ρ =

√
Gref/Glos. This yields

Pr(d, ω;hTx, hRx, Pt, ρ, ϵ)

= Pt

( c

2ω

)2 1

ℓ2
+

Γ2ρ2

ℓ̃2
+
2Γρ

ℓℓ̃
cos
[ω
c

(
ℓ̃− ℓ

)]
︸ ︷︷ ︸

∆ϕ

 . (4)

Additionally, we assume that the gain on the reflected path is
less than on the direct path, i.e., ρ ≤ 1, e.g., due to additional
absorption on the ground. The reflection coefficient Γ is given
as [33, Eq. (2.1-3)]

Γ(α) =
sinα− z

sinα+ z
, (5)

with
z =

√
ϵ− cos2 α , (6)

where ϵ > 1 is the dielectric constant of the ground, and
α is the angle of reflection, cf. Fig. 1. Since the reflection
coefficient depends on the angle of reflection, it depends on

1In order to simplify the notation, we will omit variables on which functions
depend when their value is clear from the context, e.g., we will write Pr(d)
instead of Pr(d, ω) when the value of ω is fixed.
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Fig. 2. Reflection coefficient Γ from (5) for different dielectric constants of
the ground ϵ.

the distance d between receiver and transmitter. This behavior
is shown for different values of the dielectric constant of the
ground ϵ in Fig. 2. Typical values range from ϵ = 4 (poor
ground) to ϵ = 81 (water) [33, Chap. 2, Tab. 1]. It can be
seen that the reflection coefficient approaches −1 for large
distances d for all ϵ. Similarly, it approaches the finite negative
value (1−√

ϵ)/(1 +
√
ϵ) for small d. It should be noted that

the ideal reflecting ground would have ρ = 1 and Γ = −1
independent of the angle of reflection, i.e., independent of the
distance d.

It is well-known that the two components can interfere
constructively or destructively at the receiver, depending on
the distance d. This leads to local minima in the receive power
at certain distances, which in turn can lead to outages in the
transmission. In order to mitigate these drops in the receive
power, we propose to use a second frequency in parallel. The
exact problem formulation is described in the following.

A. Problem Formulation

Throughout the following, we will consider a two-ray ground
reflection scenario where the height of the transmitter hTx, the
height of the receiver hRx, and the base frequency ω1 are fixed.
In contrast, the distance between transmitter and receiver d
varies and is unknown. Only the range of possible distances d
is known, i.e., d ∈ [dmin, dmax].

In order to ensure a high reception quality at any
distance within the interval, the transmitter employs a second
frequency ω2 = ω1 + ∆ω such that we can compensate for
possible destructive interference of the two rays. This leads to
the following problem.

Problem statement 1. Since the transmitter only knows
the range of d, i.e., that d ∈ [dmin, dmax], we adjust the
frequency spacing ∆ω such that the worst-case receive power
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in [dmin, dmax] is maximized. This optimization problem can
be formulated as

max
∆ω

min
d∈[dmin,dmax]

Pr,1(d, ω1) + Pr,2(d, ω2) , (7)

where Pr,1(d, ω1) is the received power on the first
frequency f1 = ω1/(2π) at distance d and Pr,2(d, ω2) is the
received power for the second frequency f2 = ω2/(2π) =
(ω1 +∆ω)/(2π) at distance d.

III. SINGLE FREQUENCY

In order to solve (7), we first need to analyze the receive
power for a single frequency ω. Since we are interested in a
worst-case design, we analyze the worst-case receive power of
a single frequency in the following. In order to do this, we start
by investigating the distances at which destructive interference
occurs.

A. Destructive Interference

From (3), it can be seen that we get a (local) minimum
of the receive power when the direct and reflected signals
interfere destructively [34]. This occurs whenever the phase
difference ∆ϕ is a multiple of 2π, i.e.,

∆ϕ =
ω

c

(
ℓ̃− ℓ

)
= 2πk, k ∈ N0 . (8)

It can easily be verified that ∆ϕ is a decreasing function in d
and it therefore follows that

∆ϕmax = lim
d→0

∆ϕ =
2ωmin{hTx, hRx}

c
and lim

d→∞
∆ϕ = 0 .

This shows that ∆ϕ decreases from a finite value ∆ϕmax to 0.
Hence, there always exists a finite number of multiples of 2π
with kmax = ⌊∆ϕmax/2π⌋, i.e., there exist kmax local minima
of the receive power.

The distance dk at which the kth minimum occurs, is given
by solving (8) as

d2k(ω) =

(
(cπk)2 − (ωhRx)

2
) (

(cπk)2 − (ωhTx)
2
)

(ωcπk)2
, (9)

with k = 1, · · ·, kmax.

Example 1. An illustration of ∆ϕ can be found in Fig. 3. The
parameters are set to ω/c = 10 (f = 477MHz), hTx = 10m,
and hRx = 1.5m. Additionally, we indicate the distances dk.
Since kmax = 4, there exist four dk at which a local minimum
occurs. For the selected parameters, they are evaluated to
d1 = 46.7m, d2 = 21.6m, d3 = 12.3m, and d4 = 6.5m.
The corresponding received power from (3) is shown in Fig. 4.
It can be seen that a minimum occurs at d = dk, with the
lowest minimum being at the smallest k, i.e., k = 1, which
corresponds to the highest distance of all dk. For comparison,
we additionally show the received power for f2 = 2.4GHz in
Fig. 4.
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Fig. 3. Relative phase shift ∆ϕ from (8) for ω/c = 10, hTx = 10m, and
hRx = 1.5m. Additionally the distances dk , k = 1, · · ·, 4, from (9) are
indicated. (Example 1)

B. Worst-Case Receive Power

When d is anywhere in the interval [dmin, dmax], the lowest
drop is at the smallest k such that dk is still in [dmin, dmax].
However, in order to determine the global minimum of the
receive power in [dmin, dmax], the boundary points dmin and dmax
need to be taken into account. This leads to the following result
of the minimal receive power when only a single frequency is
used.

Theorem 1 (Minimal receive power (single frequency)).
Consider the described two-ray ground reflection model with a
single frequency ω = 2πf . The distance d between transmitter
and receiver is in the interval [dmin, dmax]. The minimal receive
power is then given as

min
d∈[dmin,dmax]

Pr(d)

= min

{
Pr(dmin), Pr(dmax), Pr

(
max

dk∈[dmin,dmax]
dk

)}
. (10)

Example 2 (Single frequency worst-case receive power). For
a numerical example, we take the parameters that are used in
Example 1 and additionally compare it to a higher frequency
scenario. In particular, we fix hTx = 10m, hRx = 1.5m, and
Pt = 1. For this example, we assume a perfect reflection on
the ground without any additional absorption, i.e., ρ = 1 and
Γ = −1. The receiver is assumed to be randomly located at
a distance between dmin = 30m and dmax = 100m from the
transmitter.

For the lower frequency ω1 = 10c, i.e., f1 = 477MHz,
we get Pr(dmin, ω1) = −50 dB, Pr(dmax, ω1) = −60 dB, and
Pr(d1(ω1), ω1) = −97 dB with d1(ω1) = 46.7m. Based
on (10) from Theorem 1, we determine that the worst-case
receive power is equal to −97 dB.

In contrast, for a higher frequency f2 = 2.4GHz, there
are multiple local minima at locations dk, which lie in the
interval [dmin, dmax]. According to (10), we need to determine
the maximum of all dk ∈ [dmin, dmax]. For the considered
parameters, this is calculated to d3(ω2) = 79.4m with



BESSER et al.: AN EFFICIENT FREQUENCY DIVERSITY SCHEME FOR ... 413

100 101 102 103

−120

−100

−80

−60

−40

d1d2

Distance d [m]

R
ec

ei
ve

d
Po

w
er

P
r

[d
B

]

f1 = 477MHz
f2 = 2.4GHz

Fig. 4. Received power Pr(d) from (3) when using a single frequency f
with system parameters hTx = 10m, hRx = 1.5m, ρ = 1, Γ = −1, and
Pt = 1 for f = f1 = 477MHz and f = f2 = 2.4GHz. Additionally, the
distances d1(ω1) = 46.7m and d2(ω1) = 21.6m from (9) are indicated.
(Example 1 and Example 2)

Pr(d3(ω2), ω2) = −125 dB. The received powers at the
boundary points are evaluated to Pr(dmin, ω2) = −64 dB and
Pr(dmax, ω2) = −75 dB. Hence, the worst-case receive power
when using only frequency f2 is −125 dB.

Example 3 (Single frequency receive power with different
gains and reflection coefficients). In the previous example, we
assumed that the antenna and reflection gain on the reflected
path is the same as the one on the LoS path, i.e., ρ = 1.
In practical systems, it is likely that ρ < 1, e.g., due to an
additional absorption at the ground. Therefore, we now compare
the receive power for different values of ρ in Fig. 5(a). The
system parameters are again set to f = 2.4GHz, hTx = 10m,
hRx = 1.5m, Pt = 1, dmin = 30m, and dmax = 100m. In
order to isolate the influence of the parameter ρ, we still fix
the reflection coefficient to Γ = −1.

For small ρ, the influence of the reflected ray reduces, and
the total receive power is approximately determined by the
path-loss of the LoS component. In this case, the destructive
interference only has a negligible effect. For ρ = 0.1, the
receive power at d3 is around −79 dB. At the boundaries
of the distance interval, we get Pr(dmin) = −69.2 dB and
Pr(dmax) = −79.4 dB. Thus, the worst-case receive power in
[dmin, dmax] is given by Pr(dmax).

In contrast, for a larger value of ρ = 0.5, the destructive
interference is significant and we evaluate the receive power at
d3 to −84.1 dB. This is also the worst-case receive power in
the interval [dmin, dmax] for ρ = 0.5. Similarly, the worst-case
receive power for ρ = 1 is also given by the local minimum
at d3 with Pr(d3) = −125 dB, cf. Example 2. It should also
be noted that the constructive interference is more significant
for large values of ρ.

Next, we investigate the influence of a varying reflection
coefficient from (5). For this, we fix ρ = 1 and show the
receive power Pr for different dielectric constants ϵ in Fig. 5(b).
Similarly to the influence of ρ, it can be seen that the destructive
interference gets less severe with decreasing ϵ. As the absolute
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(a) Influence of the relative gain ρ (Γ = −1)
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Fig. 5. Received power Pr(d) from (3) when using a single frequency
f = 2.4GHz with system parameters hTx = 10m, hRx = 1.5m, and
Pt = 1. (Example 3)

value of the reflection coefficient Γ is smaller for small
distances, cf. Fig. 2, the receive power shows less fluctuation
for small distances. This effect is more noticeable for small ϵ.
The severity of the drops in receive power due to destructive
interference is determined by the absolute value of the product
of ρ and Γ, since values close to zero indicate a weak signal
from the reflected path. The worst case in terms of destructive
interference therefore occurs for larger values of |ρΓ|, which
is discussed in more detail in the following proposition.

Proposition 1 (Worst-case ρ and Γ). The destructive
interference is getting worse for decreasing ρΓ < 0 and attains
a minimum at ρΓ = −ℓ̃/ℓ < −1. However, since we have
−1 < Γ < 0 and 0 ≤ ρ ≤ 1, the worst-case destructive
interference of the two rays is given for ρΓ = −1.

It should be noted that this is independent of the distance,
i.e., we replace the reflection coefficient Γ(α) by its worst-case
Γ = −1 independent of the angle of reflection.

Proof. The proof can be found in annexe A.
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Based on the discussion in Proposition 1, we fix ρΓ = −1
throughout the rest of this work.

IV. TWO FREQUENCIES

Since the drops in receive power due to destructive
interference of the two rays cannot be avoided without
knowledge of d when a single frequency is used, we will
now employ a second frequency to mitigate these minima.
As described in Problem statement 1, we aim to optimize
the frequency spacing ∆f for a second frequency f2 =
f1 + ∆f = ω2/(2π) = (ω1 + ∆ω)/(2π) given a base
frequency f1 = ω1/(2π).

As discussed in Proposition 1, the destructive interference
is worst for ρΓ = −1. Therefore, we will only consider this
case throughout this section.

As an additional assumption for this work, we consider
ideal maximum ratio combining (MRC) of the signals on
the two frequencies. While issues of combining signals
with different symbols, pulses, and potentially modulation
formats are relevant and important for the implementation
of such systems, they are beyond of the scope of this work.
This also includes synchronization issues, which could be
addressed through the use of orthogonal frequency division
multiplexing (OFDM). When OFDM is employed, the receiver
will perform a rapid synchronization, typically utilizing the
Schmidl-Cox method [35]. With this, the start of the frame
and the beginning of the symbol can be found, and carrier
frequency offsets of many subchannel spacings can be corrected.
This implies that we can coherently combine the symbols of
different carriers by MRC, because we know the start and stop
of the OFDM symbol and have the correct carrier frequency
information.

With this assumption, the received power at distance d is
given as the sum power Pr,1(d, ω1) + Pr,2(d, ω2). For a fair
comparison with the single frequency case, we assume that
the total transmit power Pt remains the same. Thus, for the
first frequency, θPt with θ ∈ [0, 1], is used as the transmit
power and θ̄Pt, θ̄ = 1− θ, for the second. This leads to the
expression of the total received power in (11) at the bottom of
this page.

Since we are particularly interested in improving the worst-
case performance, we will consider a lower bound on Pr in
the following.

Lemma 1 (Lower bound on the sum power for two frequencies).
For the described two-ray ground reflection system using two

frequencies ω1, ω2 in parallel, the received (sum) power Pr,
is lower bounded by (12) at the bottom of this page.

Proof. The proof can be found in annexe B.

Proposition 2 (Optimal power split for two frequencies). In
general, the optimal power split θ⋆, which maximizes Pr,
depends on all of the parameters ℓ, ℓ̃, ω1, and ∆ω. Hence, the
optimal power split varies with varying distance d. However, for
base frequencies ω1 which are large compared to the frequency
spacing ∆ω, θ⋆ approaches 0.5, independent of d.

Since we do not assume exact knowledge about d at the
transmitter, we cannot adjust the power split θ to be the
exact optimum θ⋆. However, in most communication systems,
we typically have the case that ω1 ≫ ∆ω. Therefore, the
approximation of equal power allocation, i.e., θ = 0.5, from
Proposition 2 is a reasonable strategy, which we will use
throughout the following.

Example 4 (Sum power lower bound). As an example, we
show the received (sum) power from (11) and the lower bound
from (12) for f1 = 2.4GHz, ∆f = 250MHz, hTx = 10m,
and hRx = 1.5m in Fig. 6. It can clearly be seen that the
lower bound is the lower envelope of the actual received power.
Similar to the case that only a single frequency is used, the
received power varies with the distance d and shows both
minima and maxima. While the actual received power Pr

oscillates at a high frequency over the distance d, the (spatial)
frequency of the lower bound Pr is determined by the difference
in frequencies ∆f = ∆ω/(2π).

In the following, we give an approximation for the locations
of the local maxima and minima of Pr when two frequencies
are used in parallel.

Lemma 2. For ω1 ≫ ∆ω, the bound on the received power Pr

from (12) has a (local) maximum approximately at

∆ωπ,k =
πc

ℓ̃− ℓ
(2k + 1), k ∈ N0 , (13)

and a (local) minimum approximately at

∆̃ωk =
2πc

ℓ̃− ℓ
k, k ∈ N0 . (14)

Proof. For ω1 ≫ ∆ω, we can use the approximation that
ω1 ≈ ω2 = ω1+∆ω. With this, Pr from (12) can be simplified
to

Pr ≈ Pt

ω2
1

( c
2

)2 [( 1

ℓ2
+

1

ℓ̃2

)
− 2
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Pr(d,∆ω;ω1, hTx, hRx, Pt, θ) = Pt
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Fig. 6. Received power for two parallel frequencies with f1 = 2.4GHz,
∆f = 250MHz, hTx = 10m, and hRx = 1.5m. Both the actual value Pr

from (11) and the lower bound Pr from (12) are shown. (Example 4)

with ∆ϕ = ∆ω
c (ℓ̃− ℓ). From this, it can directly be seen that

Pr has a local maximum at ∆ϕ/2 = (2k + 1)π/2 and a local
minimum at ∆ϕ/2 = kπ with k ∈ N0. Solving this for ∆ω,
we obtain ∆ωπ and ∆̃ω from (13) and (14), respectively.

Remark 1. The important consequence of Lemma 2 is that
for large ω1, Pr(d,∆ω) is an increasing function in ∆ω for
∆̃ωk−1 < ∆ω < ∆ωπ,k and decreasing for ∆ωπ,k < ∆ω <

∆̃ωk, with k = 1, 2, · · ·. Also note that we always have
∆̃ω0 = 0, i.e., there is a local minimum at ∆ω = 0, which
corresponds to the single frequency case.

Throughout the following, we will refer to ∆ωπ,1 and ∆̃ω1

from (13) and (14) simply as ∆ωπ and ∆̃ω, respectively.

Example 5 (Approximation of the peak positions). A numerical
illustration of the approximations from Lemma 2 can be found
in Fig. 7. For the example, we consider two different base
frequencies f1, namely f

(1)
1 = 100MHz and f

(2)
1 = 2.4GHz.

The remaining parameters are fixed to d = 50m, hTx = 10m,
and hRx = 1.5m. Besides the lower bound on the power Pr

from (12), we show the locations of the first peak ∆ωπ and
drop ∆̃ω. The approximated values are given by (13) and (14)
in Lemma 2. For comparison, we additionally indicate the
values of the exact minimum and maximum locations, which
are determined numerically [31]. First, it can clearly be seen
that the approximation of the minimum location ∆̃ω is very
close to the exact value for both base frequencies f1. Both the
approximation and the exact values are evaluated to around
∆̃f = ∆̃ω/(2π) = 510MHz.

In contrast, the approximation of the location of the first
maximum ∆ωπ becomes more accurate for large f1. For the
considered parameter values, the approximation from (13) is
evaluated to ∆fπ = ∆ωπ/(2π) = 255MHz. For f

(1)
1 , the

maximum actually occurs at around ∆f = 178MHz, which
corresponds to a relative error of around 43%. However, for the
larger base frequency f

(2)
1 , the exact location of the maximum

is at around 253MHz. In this case, the relative error of the
approximation is only around 0.79%. This indicates that the
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Fig. 7. Received power envelope Pr for two parallel frequencies f1 and
f2 = f1 +∆f . The additional parameters are set to d = 50m, hTx = 10m,
and hRx = 1.5m. The first peaks are indicated, both the exact locations
(numerically determined) and the approximations from Lemma 2. (Example 5)

approximation is accurate enough for practical purposes when
considering typical base frequencies of above 2GHz.

As can be seen from the example above, when using two
frequencies ω1 and ω2 = ω1 +∆ω, the receive power can be
varied for a given distance d by adjusting ∆ω. This directly
leads to the following optimization of ∆ω.

A. Optimal Frequency Spacing

Recall from Problem statement 1 that we are interested in
the optimization problem

max
∆ω

min
d∈[dmin,dmax]

Pr(d,∆ω) , (15)

where dmin and dmax denote the known interval boundaries
of the distance d between transmitter and receiver. In order
to solve this optimization problem, we need the following
characterization.

Lemma 3. The optimization problem from (15) can be
reformulated as

max
∆ω∈[0,∆̃ω(dmax)]

min
{
Pr(dmax,∆ω), g(∆ω)

}
, (16)

with

g(∆ω) =

{
Pr(dmin,∆ω) if 0 < ∆ω < ∆̃ω(dmin)

Pr(d1,∆ω) if ∆̃ω(dmin) ≤ ∆ω < ∆̃ω(dmax),
(17)

and Pr(d1,∆ω) in (18) at the top of the next page.

Proof. The proof can be found in annexe C.

Based on the reformulation of the original optimization
problem, we can determine the optimal frequency spacing ∆ω
for worst-case design as follows.



416 JOURNAL OF COMMUNICATIONS AND NETWORKS, VOL. 26, NO. 4, AUGUST 2024

Pr(d1,∆ω) =
Pt

2
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c2π∆ω
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)2(
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ω2
1

+
1

ω2
2

)(
1√

(c2π2 − hRxhTx∆ω2)2
− 1√

(c2π2 + hRxhTx∆ω2)2

)2

(18)

Algorithm 1 Procedure to find the optimal frequency spacing ∆f⋆ for worst-case design
1: function OPTIMALFREQUENCYSPACING(f1, dmin, dmax, hTx, hRx)
2: Calculate ∆ωπ(dmin) and ∆ωπ(dmax) // According to (13)
3: Calculate ∆̃ω(dmin) and ∆̃ω(dmax) // According to (14)
4: if Pr(dmax,∆ωπ(dmax) < g(∆ωπ(dmax)) then // No intersection
5: ∆ω⋆ = ∆ωπ(dmax) // According to (19)
6: else // An intersection between Pr and g exists
7: if Pr(dmax, ∆̃ω(dmin) > Pr(dmin, ∆̃ω(dmin)) then
8: // Intersection in [∆ωπ(dmin), ∆̃ω(dmin)]

9: ∆ω⋆ = FINDINTERSECTION(Pr(dmin,∆ω), Pr(dmax,∆ω)) for ∆ωπ(dmin) < ∆ω < ∆̃ω(dmin)
10: else
11: // Intersection in [∆̃ω(dmin), ∆̃ω(dmax)]

12: ∆ω⋆ = FINDINTERSECTION(Pr(d1,∆ω), Pr(dmax,∆ω)) for ∆̃ω(dmin) < ∆ω < ∆̃ω(dmax)
13: end if
14: end if
15: ∆f⋆ = ∆ω⋆/(2π)
16: return ∆f⋆

17: end function

Theorem 2 (Optimal frequency spacing for worst-case design).
Consider the described communication system, where two
frequencies ω1 and ω2 = ω1 +∆ω are used in parallel. The
optimal frequency spacing for worst-case design ∆ω⋆ is given
by the intersection of Pr(dmax,∆ω) and g(∆ω) from (17)
in the interval ∆ω ∈ [∆ωπ(dmin),∆ωπ(dmax)], if it exists.
Otherwise, if no intersection exists, it is given by the maximum
of Pr(dmax,∆ω), which is approximately located at

∆ω⋆ ≈ cπ

ℓ̃(dmax)− ℓ(dmax)
= ∆ωπ(dmax) . (19)

Proof. The proof can be found in annexe D.

Based on Theorem 2, we can summarize the steps to calculate
the optimal frequency spacing ∆f⋆ = ω⋆/(2π) for a worst-
case design with given model parameters in Algorithm 1. The
function FindIntersection in Lines 9 and 12 could be any
routine that allows calculating the intersection between an
increasing and a decreasing function, e.g., by minimizing the
(quadratic) distance between them. A Python implementation
with interactive notebooks to reproduce all of the calculations
can be found at [31].
Remark 2 (Complexity and implementation of Algorithm 1).
The initialization of Algorithm 1 (Lines 1–4) and the simple
case in Line 5 only require single calculations of (13), (14),
and the receive power Pr. This requires basic arithmetic
operations, taking roots, and calculating the cosine. While
the exact complexity of these functions depends on the
implementation, all of them are readily available on most
modern architectures with highly optimized procedures. The
computationally expensive part of Algorithm 1 is finding the
intersection of two functions in Lines 9 and 12. There are
several ways of numerically finding the intersection of an
increasing and decreasing function in a given interval. Two

simple approaches are to apply a root-finding method, e.g.,
Newton’s method, to the difference between the two functions,
or to minimize the quadratic difference. The overall complexity
depends on the chosen scheme, its implementation, and the
desired accuracy, since a greater accuracy typically requires
more iterations, resulting in an increased time complexity.

Example 6 (Optimal frequency spacing for worst-case design).
As an illustration, we evaluate the following numerical example
in detail. As a base frequency, we choose f1 = 2.4GHz.
The transmitter is located at height hTx = 10m and the
receiver at hRx = 1.5m. While the distribution of the distance
between transmitter and receiver is unknown, it is known
that the receiver can only be located at a distance between
dmin = 10m and dmax = 100m. The optimal frequency gap ∆f
will therefore lie below ∆̃f(dmax) = 1GHz. In Fig. 8, we
show Pr(dmin,∆ω), Pr(d1,∆ω), and Pr(dmax,∆ω) over the
frequency spacing ∆f = ∆ω/(2π). First, it can be seen that
both Pr(dmin) and Pr(d1) are decreasing. Recall that these
functions define the function g from (17). In contrast, Pr(dmax)
increases for ∆ω < ∆ωπ(dmax) = 502MHz. Next, there
exists exactly one intersection of Pr(dmax) and g at around
∆f = 177MHz. According to Theorem 2, this corresponds to
the optimal frequency spacing ∆f⋆ that maximizes the worst-
case receive power. The corresponding worst-case power is
calculated to −85.7 dB.

A comparison with the single frequency case is shown
in Fig. 9. Besides the single frequency case, the actual
received power and its lower bound are depicted for the
scenario that two frequencies are used in parallel with optimal
frequency spacing ∆f = ∆f⋆. When only a single frequency
is used, there exist multiple local minima in [dmin, dmax] with a
decreasing receive power. The global minimum in [dmin, dmax]
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Fig. 9. Received powers for a two-ray ground reflection scenario with
parameters f1 = 2.4GHz, hTx = 10m, hRx = 1.5m, dmin = 10m,
and dmax = 100m. First, the receiver power for a single frequency with
f = f1 from (3) is shown. Additionally, the received power for two parallel
frequencies with ∆f = ∆f⋆ = 177MHz from (11) and its lower bound
from (12) are depicted. (Example 6)

for the above parameters can be calculated according to
Theorem 1 to around −124.7 dB at the distance of around
79.4m. In contrast, the received power with two parallel
frequencies is always greater than −85.7 dB. Thus, by using
a second frequency, the worst-case receive power is improved
by around 39 dB.

Remark 3 (Optimal frequency spacing for discrete set of
sub-carriers). The optimization of the frequency spacing ∆f
in Algorithm 1 is done for continuous values. However, in an
implementation, e.g., when using OFDM, only a discrete set
of sub-carriers is available. In that case, the optimal frequency
spacing ∆f⋆ can still be calculated using Algorithm 1.
However, the optimal second frequency f2 = f1 +∆f⋆ needs
then to be rounded to the closest available frequency from the
discrete set of sub-carriers with the best worst-case performance.

Since the worst-case receive power is continuous with respect
to ∆f and only has a single maximum, this will be the optimal
value for the discrete set of frequencies.

V. ACHIEVABLE RATE ANALYSIS

After investigating the receive power, we now take a closer
look at the resulting achievable data rate. For a single frequency
band of bandwidth B around the carrier frequency ω1 = 2πf1,
the capacity is in general given as [36, Chap. 5]

R1 =

∫ f1+B/2

f1−B/2

log2

(
1 +

Pr(f ;Pt/B)

FN0

)
df , (20)

where Pr(f ;Pt/B) is the receive power at frequency f and
the transmit power is assumed to be equally distributed over
the bandwidth B. Furthermore, N0 is the noise spectral density
and F the receiver noise figure.

However, this expression can be simplified for small
bandwidths compared to the carrier frequency. With this
narrowband assumption, the capacity can be calculated as [36,
Chap. 5]

R1 = B log2

(
1 +

Pr(ω1;Pt)

BFN0

)
, (21)

where Pr(ω1;Pt) denotes the receive power from (3) with
transmit power Pt.

For a fair comparison, the bandwidth is split into two separate
frequency bands of size B/2 in the case of two parallel
frequencies. This yields the total (sum) rate

R2 =
B

2
log2

(
1 +

Pr,1(ω1;Pt/2)

FN0
B
2

)

+
B

2
log2

(
1 +

Pr,2(ω2;Pt/2)

FN0
B
2

)
, (22)

where Pr,i(ωi) again denotes the receive power on
frequency ωi.

As before, it should be emphasized that the transmit power
is kept constant. Hence, it is split in the case of two parallel
frequencies. We again assume an equal power split, i.e.,
θ = 0.5.

In section IV, we optimized the frequency spacing ∆ω such
that the worst-case (sum) receive power is maximized. With
the following lemma, we show that this result can also be used
for worst-case design in terms of the achievable rate.

Lemma 4. Considering the described communication system,
where two frequencies ω1 and ω2 = ω1 + ∆ω are used
in parallel. The lower bound on the achievable rate R2

is maximized by the optimal frequency spacing ∆ω⋆ from
Theorem 2. The worst-case achievable rate R2 in the distance
interval [dmin, dmax] is then given by

R2 ≥ R2 =
B

2
log2

(
1 + α+

Pr(d,∆ω⋆)

FN0
B
2

)
, (23)
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where Pr is the lower bound on the sum receive power from (12)
and the offset α is given by

α =

(
1

FN0
B
2

)2(
Pt

2ω1ω2

)2 ( c
2

)4(1

ℓ
− 1

ℓ̃

)4
∣∣∣∣∣
d=dmax

.

(24)

Proof. The proof can be found in annexe E.

Example 7 (Achievable rate comparison). In order to illustrate
the benefit of using two frequencies in terms of achievable rate,
we consider the following numerical example. We assume the
same system parameters as in Example 6, i.e., f1 = 2.4GHz,
hTx = 10m, hRx = 1.5m, dmin = 10m, and dmax = 100m.
Based on Lemma 4, the optimal frequency spacing is again
∆f⋆ = 177MHz.

Additionally, we consider a bandwidth of B = 100 kHz.
Recall that the bandwidth is split in the case of two frequencies,
such that each frequency band only has a bandwidth of 50 kHz.
For the receiver noise, we assume a noise figure of F = 3dB
and a noise spectral density of N0 = −174 dBm/Hz.

In Fig. 10, we show the achievable rates for the single
frequency case and the scenario with two frequencies with
optimal frequency spacing ∆f = ∆f⋆. We show both the
exact rate R2 from (22) and the lower bound R2 from (23).

First, it can clearly be seen that the data rate drops
significantly at certain distances when only a single frequency
is used. These distances correspond to the distances dk at which
the receive power drops to a local minimum, cf. Section III.
For the selected system parameters, the lowest rate of around
51.1 kbit/s occurs at distance d = 79.4m.

In contrast, when employing two frequencies in parallel,
the achievable rate is more stable across the distance d.
The lowest value of the lower bound R2 is evaluated to
around 636.8 kbit/s. This amounts to a 12.5× improvement
of the worst-case rate compared to the single frequency case.
Additionally, it should be noted that R2 is only a lower bound
on the actual rate R2, which therefore is even higher.

VI. OUTAGE PROBABILITY

As shown in the previous sections, it can be beneficial
to use two frequencies in parallel in order to improve the
minimum receive power and achievable data rate. This directly
translates to improving the reliability of the communication
system. Therefore, we analyze the outage probability in the
following and show how the proposed scheme enables ultra-
reliable communications without perfect CSI at the transmitter.

Throughout the following, we define that an outage occurs
when the achievable rate R drops below a threshold r [36].
Thus, the outage probability ε is given as

ε = Pr (R < r) . (25)

When replacing the actual rate R by the lower bound R, we
obtain an upper bound ε on the actual outage probability, i.e.,
a worst-case bound.
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Fig. 10. Achievable rates for a two-ray ground reflection scenario with
parameters f1 = 2.4GHz, B = 100 kHz, hTx = 10m, hRx = 1.5m,
dmin = 10m, and dmax = 100m. First, the rate R1 for a single frequency
with f = f1 from (21) is shown. Additionally, the achievable rate for two
parallel frequencies with ∆f = ∆f⋆ = 177MHz from (22) and its lower
bound from (23) are depicted. (Example 7)

In the following, we assume a random distribution of the
distance d over the interval [dmin, dmax]. Based on this, we can
express the outage probability as

ε =

∫
R(d)<r

pd(d)dd, (26)

where pd denotes the PDF of d.
Since the integral in (26) does not admit a closed-form

solution for most common distributions of d, we will resort to
Monte Carlo (MC) simulations in the following. The source
code to reproduce all of the following simulations is available
at [31].
Remark 4 (Zero-outage capacity). Recall that our considered
Problem statement 1 is to maximize the minimum receive
power, and consequently the minimum rate, over a given
interval [dmin, dmax] of the distance d. Thus, all achievable
rates in the interval are greater than this minimum. Based on
this, it can be seen from (25) that the outage probability ε is
zero for rate thresholds r less than the minimum achievable
rate. Hence, the minimum achievable rate in [dmin, dmax] is also
the zero-outage capacity (ZOC) [8], which is defined as the
maximum rate, such that the outage probability is zero. The
optimization of the frequency spacing ∆f presented in this
work, therefore, also maximizes the ZOC for a given distance
interval [dmin, dmax].

Example 8 (Uniform distribution of the distance). As a first
numerical example, we consider a uniform distribution of the
distance over the interval [dmin, dmax]. In this case, we have
pd(d) = 1/(dmax − dmin). While this simplifies the integral
in (26), we are still not able to derive a closed-form solution.
Thus, the outage probabilities shown in Fig. 11 are obtained
by MC simulations with 107 samples. The system parameters
are again set to the parameters used in Example 7.

The first shown outage probability ε is for the single
frequency case, where ε is determined by rate R1 from (21). It
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Fig. 11. Outage probability for a two-ray ground reflection scenario with hTx =
10m, hRx = 1.5m, f1 = 2.4GHz, ∆f = 177MHz, and B = 100 kHz.
The distance d between transmitter and receiver is uniformly distributed
between dmin = 10m and dmax = 100m, i.e., d ∼ U [10, 100]m. The
shown outage probabilities are obtained by MC simulations with 107 samples.
(Example 8)

can be seen that there are zero outages below a rate of around
51.1 kbit/s, which corresponds to the worst-case rate over the
considered distance interval [dmin, dmax], cf. Example 7. As
mentioned in Remark 4, this also corresponds to the ZOC.
Above this rate, the outage probability slowly increases. In
contrast, when using two frequencies in parallel, the increase
of the outage probability is much steeper for an increasing rate
threshold r. This indicates that the rates are more concentrated
at similar values over all distances in the considered interval.
This property can also be observed in Fig. 10. It is similar
for both the exact outage probability based on R2 from (22)
and the upper bound ε determined by R2 from (23). Due
to this step-like behavior, the ε-outage capacity for small ε
is significantly higher for two frequencies compared to the
single frequency case. This includes the ZOC, which is at
around 636.8 kbit/s for the upper bound. In the context of
ultra-reliable communications, we are typically interested in
outage probabilities lower than 10−5 [5]. In this regard, the
advantage of the proposed frequency diversity scheme can
clearly be seen.

However, since the assumption of a uniform distribution of
the distance in Example 8 seems arbitrary, we now evaluate
a more realistic example of a UAV flying above flat terrain.
Additionally, we consider a different frequency band in order to
demonstrate that our proposed scheme also works for modern
5G NR frequency bands.

Example 9 (UAV flying above flat terrain). The basic simulation
scenario is depicted in Fig. 12(a). We consider a flat terrain
with a circular lake with a radius of 150m, which is the area
of interest for the UAV deployment. The transmitter is located
at a distance of 30m from the edge of the lake at height hTx =
10m. The UAV flies at height hRx = 3m above the ground.
Its movement is modeled according to the mobility model
from [37], which is based on stochastic differential equations

(SDEs) for each dimension. For the MC simulation, we fixed
the height of the UAV and only considered the movement
in x and y direction. The movement parameters are set to
α1 = α2 = 1, β1 = β2 = 3, γ1 = γ2 = 7, σ1 = σ2 = 1,
and s1 = s2 = 1, cf. [37, Sec. II]. A sample trajectory of the
UAV based on the SDE model with the described parameters
can be found in Fig. 12(b). For the simulation of the outage
probability, we generate 1000 trajectories with 2000 positions
each, i.e., we obtain a total of 2 ·106 samples. The source code
to reproduce all of the presented results can be found at [31].

The base frequency of the first carrier is set to f1 = 28GHz,
which lies in the n257 band in the 5G NR frequency
range 2 [38]. The bandwidth around this carrier is set to
B = 100 kHz and the noise parameters are F = 3dB, and
N0 = −174 dBm/Hz. From the geometrical model, we can
derive that the distance d between transmitter and receiver
(UAV) is between dmin = 30m and dmax = 330m. Based on
Theorem 2, the optimal frequency spacing for this setup is
∆f = ∆f⋆ = 191MHz. Since the 5G NR standard allows for
total channel bandwidths of more than 200MHz [38, Sec. 5.3],
both carrier frequencies f1 and f2 = f1+∆f⋆ could lie within
the same 5G channel.

The resulting outage probabilities for the single frequency
and two frequencies scenario are shown in Fig. 13. Similarly
to Example 8, it can be seen that the outage probability
for a single frequency decreases slowly when decreasing the
rate threshold r. In contrast, the achievable rates are more
concentrated when using two frequencies in parallel, which
results in a steeper outage probability curve in Fig. 13. This
results in a higher ε-outage capacity for small ε. Assuming
that the application can tolerate an outage probability of up
to ε = 10−5, the rate would have to be adjusted to be
less than around 18 bit/s for a single frequency. In contrast,
when using two frequencies in parallel with the optimal
frequency spacing ∆f = ∆f⋆, the rate could be up to
83.2 kbit/s, while still fulfilling the same reliability constraint.
This corresponds to a gain of nearly 4700× for the ε-outage
capacity with ε = 10−5. For comparison, we additionally
show the upper bound on the outage probability for the non-
optimized frequency spacing ∆f = 100MHz in Fig. 13. While
the outage performance is still better than with only a single
frequency, the benefit of choosing the optimized frequency
spacing is clearly visible.

This practical example highlights the significant reliability
improvements that are possible when using two frequencies in
parallel with the optimal frequency spacing. It should also be
emphasized that this scheme only requires knowledge of the
interval of possible distances between transmitter and receiver
without requiring perfect CSI at the transmitter.

VII. CONCLUSION

In this work, we have investigated the receive power,
achievable rate, and outage probability in two-ray ground
reflection scenarios with unknown distance between transmitter
and receiver. We have shown that using two frequencies in
parallel can significantly improve the reliability over using
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(a) Geometrical setup of the UAV example.
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(b) Sample trajectory of the UAV with indicated outline of the lake.

Fig. 12. Setup of the numerical example of a UAV flying above flat terrain. The movement of the UAV is modeled according to [37] with movement
parameters α1 = α2 = 1, β1 = β2 = 3, γ1 = γ2 = 7, σ1 = σ2 = 1, and s1 = s2 = 1. (Example 9)
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Fig. 13. Outage probability for a two-ray ground reflection scenario of a UAV
flying above flat terrain. The system parameters are hTx = 10m, hRx = 3m,
f1 = 28GHz, ∆f⋆ = 191MHz, and B = 100 kHz. Additionally, the upper
bound for ∆f = 100MHz is shown for comparison. The distance d between
transmitter and receiver is randomly distributed between dmin = 30m and
dmax = 330m. The shown outage probabilities are obtained by MC simulations
with 2 · 106 samples. (Example 9)

only a single frequency. In particular, we derived the optimal
frequency spacing such that the worst-case receive power
is maximized. An especially useful aspect of the presented
results is that only very limited knowledge is required at the
transmitter.

All of the results have been evaluated for various numerical
examples, including a realistic scenario of a UAV flying above
flat terrain. This allows a quantitative classification of the
performance improvement by the proposed scheme.

While only two parallel frequencies are considered in
this work, it could be extended to diversity systems with
multiple frequencies in future work. This is a promising
research direction to further improve the reliability of the
described communication systems. Additionally, when adding

the assumption that the transmitter has knowledge of the
distribution of the distances between transmitter and receiver,
the optimization problem could be modified to minimize the
outage probability for the given distribution. An initial study
of this problem can be found in [39]. Furthermore, it will be
an interesting aspect in future work to drop the assumption of
ideal MRC and consider implementation issues of combining
the signals on the two frequencies.

APPENDIX A
PROOF OF PROPOSITION 1

First, we start with the general receive power from (4), which
we rewrite as

Pr = a

(
1

ℓ2
+ b2

1

ℓ̃2
+ 2b

1

ℓℓ̃
cos(∆ϕ)

)
, (27)

using the shorthand notation b = ρΓ and the constant a =
Pt (c/2ω)

2. Based on the discussion of the parameters in
section II, the range of b is determined as −1 < b < 0. Thus,
the destructive interference occurs for cos∆ϕ = 1, which gives
the corresponding receive powers as a

(
1
ℓ2 + b2 1

ℓ̃2
+ 2b 1

ℓℓ̃

)
.

The worst-case b can be found by setting the derivative to zero,

2

ℓ̃

(
b

ℓ̃
+

1

ℓ

)
= 0 ⇒ b = ρΓ = − ℓ̃

ℓ
< −1 ,

where the last inequality directly follows from the geometrical
model. Additionally, it follows that the receive power at
positions of destructive interference decreases with decreasing b.
Therefore, the infimum for the feasible range of b is given
when setting b = ρΓ = −1.

APPENDIX B
PROOF OF LEMMA 1

The lower bound on Pr from (11) is calculated as the (lower)
envelope of the function, which is given as the absolute value
of its analytic function [40]. However, we are only interested in



BESSER et al.: AN EFFICIENT FREQUENCY DIVERSITY SCHEME FOR ... 421

bounding the oscillating part of Pr given by the cosine terms
as

s =
θ cos

(
ω1

c (ℓ̃− ℓ)
)

ω2
1

+
θ̄ cos

(
ω2

c (ℓ̃− ℓ)
)

ω2
2

.

The analytic function of s is given as s+jŝ, where ŝ = H{s} is
the Hilbert transform H of s. The envelope of s is then given as
|s+ jŝ|. With the correspondence H{cos(ωt)} = sin(ωt) [41],
we obtain the analytic signal

s+ jŝ

=
θ cos (ω1t)

ω2
1

+
θ̄ cos (ω2t)

ω2
2

+ j

(
θ sin (ω1t)

ω2
1

+
θ̄ sin (ω2t)

ω2
2

)
,

where we use the shorthand t = ℓ̃− ℓ/c. The absolute value
can then be calculated as

|s+ jŝ|2 =
θ2

ω4
1

+
θ̄2

ω4
2

+
2θθ̄ cos ((ω2 − ω1)t)

ω2
1ω

2
2

.

Applying the definitions of t and ∆ω = ω2−ω1 and substituting
the envelope of s into (11), we obtain (12).

APPENDIX C
PROOF OF LEMMA 3

Similarly to the minimum received power from (10) in the
single frequency case, the minimum received power in the two
frequency case is given as the minimum over the boundary
points and the lowest local minimum peak at distance dk. As
before, the worst case among the dk is found at d1. Therefore,
if d1 ∈ [dmin, dmax], the minimum of Pr is given as

min
d∈[dmin,dmax]

Pr(d,∆ω)

= min
{
Pr(dmin,∆ω), Pr(dmax,∆ω), Pr(d1,∆ω)

}
,

for a given value of ∆ω.
However, since we can adjust the frequency gap ∆ω, we can

influence the distance d1 at which the drop in received power
occurs. In order to achieve this drop at a given distance d1, the
frequency spacing ∆ω needs to be adjusted as ∆ω = ∆̃ω(d1)
based on (14). With this, we obtain Pr(d1,∆ω) according
to (18). As mentioned above, in the worst case, we have that
d1 ∈ [dmin, dmax]. In order for this to happen, ∆ω needs to be
within

∆̃ω(dmin) ≤ ∆ω < ∆̃ω(dmax) . (28)

In this case, it is straightforward to verify that Pr(d1,∆ω) <
Pr(dmin,∆ω), hence, the minimum receive power is determined
as the minimum between Pr(d1,∆ω) and Pr(dmax,∆ω).

For 0 < ∆ω < ∆̃ω(dmin), there is no local minimum
in [dmin, dmax] and the minimum receive power is given as
the minimum between Pr(dmin) and Pr(dmax). Therefore, we
introduce the auxiliary function g as

g(∆ω) =

{
Pr(dmin,∆ω) 0 < ∆ω < ∆̃ω(dmin)

Pr(d1,∆ω) ∆̃ω(dmin) ≤ ∆ω < ∆̃ω(dmax) .

Combining all of the above, the optimization problem from (15)
can then be rewritten as (16).

APPENDIX D
PROOF OF THEOREM 2

From Lemma 3, we know that the optimal frequency
spacing ∆ω⋆ is given as the solution to (16). In order to
solve (16), we start with the simple observation that Pr

approaches a finite positive value for ∆ω = 0, for which
additionally Pr(dmin, 0) > Pr(dmax, 0) holds since dmin < dmax.

First, we prove the second part of the theorem, when no
intersection between g and Pr(dmax) exists. Since Pr(dmax) < g
holds for ∆ω = 0 and no intersection exists, we have that
Pr(dmax) < g for the whole domain 0 ≤ ∆ω < ∆̃ω(dmax).
Hence, the minimum between Pr(dmax) and g is simply
Pr(dmax), and the optimization problem (16) reduces to
determining the maximum of Pr(dmax). By Lemma 2, this
can approximately be found at ∆ω⋆ = ∆ωπ, i.e., (19) from
the statement of the theorem.

Next, we consider the case that an intersection between
Pr(dmax) and g exists. It is straightforward to verify that Pr(d1)

is strictly decreasing for ∆̃ω(dmin) ≤ ∆ω < ∆̃ω(dmax). Based
on Lemma 2, we have established that Pr(dmin) is increasing
for ∆ω < ∆ωπ(dmin) and decreasing for ∆ωπ(dmin) < ∆ω <

∆̃ω(dmin). Hence, g is increasing for ∆ω < ∆ωπ(dmin) and
decreasing for ∆ωπ(dmin) < ∆ω < ∆̃ω(dmax). Similarly,
we find that Pr(dmax) is increasing up to ∆ωπ(dmax) and
decreasing on the rest of the domain.

From the definitions of ℓ and ℓ̃, it can easily be seen that their
difference ℓ̃− ℓ decreases for an increasing distance d. Thus,
it follows that ∆ωπ(dmax) > ∆ωπ(dmin), i.e., the maximum
of Pr(dmax) occurs at a higher frequency distance ∆ω than
the maximum of Pr(dmin). Additionally, it follows from
dmax > dmin that Pr(dmin,∆ωπ(dmin)) > Pr(dmax,∆ωπ(dmin))
and Pr(dmin,∆ωπ(dmin)) > Pr(dmax,∆ωπ(dmax)), due to the
additional path loss between dmin and dmax. Combining all of
the above observations, we can conclude that one intersection
of Pr(dmax) and g occurs at ∆ω⋆ ∈ [∆ωπ(dmin),∆ωπ(dmax)]
since Pr(dmax) is strictly increasing and g strictly decreasing in
this interval. For ∆ω < ∆ω⋆, it follows that min{Pr(dmax), g}
is increasing, while it is decreasing for ∆ω > ∆ω⋆. Hence, the
maximum of min{Pr(dmax), g} occurs at the intersection ∆ω⋆.

APPENDIX E
PROOF OF LEMMA 4

The rate R2 from (22) can be reformulated as

R2

=
B

2
log2

(
1 +

Pr,1(ω1) + Pr,2(ω2)

FN0
B
2

+
Pr,1(ω1)Pr,2(ω2)(

FN0
B
2

)2
)
.

The product of the individual receive powers Pr,i(ωi) from (3)
can be lower bounded by

Pr,1(ω1)Pr,2(ω2) ≥
(

Pt

2ω1ω2

)2 ( c
2

)4(1

ℓ
− 1

ℓ̃

)4

(a)

≥
(

Pt

2ω1ω2

)2 ( c
2

)4(1

ℓ
− 1

ℓ̃

)4
∣∣∣∣∣
d=dmax

,
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where (a) follows from the fact that 1/ℓ− 1/ℓ̃ is a decreasing
function in the distance d, thus, the lowest value is achieved
at the maximum distance dmax. Combining this with the noise
power leads to the offset α from (24)

α =

(
1

FN0
B
2

)2(
Pt

2ω1ω2

)2 ( c
2

)4(1

ℓ
− 1

ℓ̃

)4
∣∣∣∣∣
d=dmax

.

With the monotonicity of the logarithm, this already establishes
the relation

R2 ≥ B

2
log2

(
1 + α+

Pr,1(ω1) + Pr,2(ω2)

FN0
B
2

)
.

From this, it also follows directly that

min
d∈[dmin,dmax]

R2 ≥

B

2
log2

(
1 + α+

2

FN0B
min

d∈[dmin,dmax]
Pr,1(ω1) + Pr,2(ω2)

)
.

Due to the monotonicity of the logarithm, the minimum rate
is maximized when the argument is maximized, i.e.,

max
∆ω

min
d∈[dmin,dmax]

R2 ≥

B

2
log2

(
1 + α+

2

FN0B

max
∆ω

min
d∈[dmin,dmax]

Pr,1(ω1) + Pr,2(ω2)

)
.

The solution to the inner problem on the right-hand side is
given by Theorem 2. Hence, we can also apply it for worst-case
design of the sum rate R2.

The minimum sum receive power by Theorem 2 is given
as Pr(d,∆ω⋆), which in turn leads to the lower bound on the
achievable rate

R2 ≥ R2 =
B

2
log2

(
1 + α+

Pr(d,∆ω⋆)

FN0
B
2

)
,

which is (23) and concludes the proof.
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